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integrals there exists a simple algebraic relation, just as the sine of the sum of two arcs can be composed of the same functions of the separate arcs (addition-theorem). The elliptic integral, however, depends not merely upon the limits but upon another quantity belonging to the function, the modulus. While Euler placed only integrals with the same modulus in relation, Landen and Lagrange considered those with different moduli, and showed that it is possible by simple algebraic substitution to change one elliptic integral into another of the same class. The establishment of the addition-theorem will always remain at least as important a service of Euler as his transformation of the theory of circular functions by the introduction of imaginary exponential quantities.
The origin* of the real theory of elliptic functions and the theta-functions falls between 1811 and 1829. To Legendre are due two systematic works, the Exer-cices de calcul integral (1811-1816) and the Thtorie des fonciions elliptiques (1825-1828), neither of which was known to Jacobi and Abel. Jacobi published in 1829 the Fundament a nova theoriae functionum el lip tic arum > certain of the results of which had been simultaneously discovered by Abel. Legendre had recognised that a new branch of analysis was involved in those investigations, and he devoted decades of earnest work to its development. Beginning with the integral which depends upon a square root of an expression of
*Cayley, Address to th* British Association, etc., 1883.